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Abstract 

The spacetime dependent lagrangian formalism of references [1- 
2] is used to obtain a classical solution of Yang-Mills theory. This is 
then used to obtain an estimate of the vacuum expectation value of the 
Higgs field , viz. (p a = A/e, where A is a constant and e is the Yang- 
Mills coupling (related to the usual electric charge). The solution can 
also accommodate non-commuting coordinates on the boundary of the 
theory which may be used to construct D— brane actions. The formal- 
ism is also used to obtain the Deser-Gomberoff-Henneaux-Teitelboim 
results [10] for dyon charge quantisation in abelian p-form theories in 
dimensions D = 2{p + 1) for both even and odd p. PACS: 11.15.-q , 
11.27.+d , ll.10.Ef 
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The spacetimetime dependent lagrangian formalism [1-2] gives an alter- 
native way to deal with electromagnetic duality [3], weak-strong duality [4] 
and electro- gravity duality [5]. Here this method will be used (a)to obtain an 
estimate of the vacuum expectation value (VEV) of the Higgs field in terms 
of the electric charge e and a constant (b)to show that the 't Hooft ansatz for 
obtaining the "t Hooft-Polyakov monopole solution is sufficiently general to 
lead to other solutions containing coordinates near the boundary that do not 
commute (c)to show that the 't Hooft ansatz for the gauge field is sufficient to 
yield a solution for the Higgs field for r — >• oo without the necessity of any fur- 
ther ansatz for (/> and (d)to obtain the results of Deser,Gomberoff,Henneaux 
and Teitelboim [10] regarding dyon charge quantisation in abelian , p— form 
theories. Results (a) to(c) will be obtained in Section 1 while Section 2 Deals 
with (d). 

1. VEV of Higgs field 

In [1] it was shown that if the lagrangian V be a function of fields r) p , 
their derivatives i] PtU and the spacetime coordinates x u , and V be written as 
L'(r] a , r]^ u , ..x„) = L(r] a ,r]^ u )A(x u ), then the variational principle [12] gives 
equations of motion as 



A(x v ) is the x v dependent part in V and is a finite non-dynamical and non- 
vanishing function. It is like an external field and equations of motion for A 
meaningless. Duality invariance is related to finiteness of A on the boundary. 
When equations of motion are duality invariant, finiteness of A on the spatial 
boundary at infinity leads to new solutions for the fields. The finite behaviour 
of A on the boundary encodes the exotic solutions of the theory within the 
boundary thus reminding one of the holographic principle [9]. 




(1) 
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Consider the Georgi-Glashow model with [3] 

L = [-(l/4)GTG a + (l/2)(D^) a (D^)a - V{<f>)\ (2a) 

where usually one takes V{4>) = (X/A)((p a (p a — a 2 ) 2 . The gauge group is 
SO(3),a,b,c are 5*0(3) indices, with the generators r a satisfying [r a ,r 6 ] = 
k abc r c .Gauge fields = W^r a . The field strength is G» v = d»W v a -d v W%- 
ee abc W b ^W^; G% v = (l/2)e^ pa G a pCT ; and the matter fields are in the adjoint 
representation of S0(3). The energy density OO = (1/2)[(E*) 2 + (B^) 2 + 
(D°<j) a ) 2 + (D l <f) a ) 2 + V(0)] > 0. The non abelian electric and magnetic fields 
are defined respectively as: E\ = — and B l a = —(l/2)e l jk G J a k . The vacuum 
configuration is G% u = ; D^cj) = ; V{4>) = 0. There are also the Bianchi 
identities D^G a pu = 0. Duality invariance means that D^G a ^ = 0. 

In [1] it was shown that for this theory 

L' = LA = [-(l/4)GTG a + (l/2)(Dy) a (D^) a - V(<f>)]A(x v ) (26) 
The equations of motion using (1) were : 

A(D»G a „ v ) + (d"A)G a ^ + Aee abc {d v 4>) b {(t>) c - Ae 2 e ahc e hdd W v c ,0 c d , = 

(3a) 

(D»D^) a A + (D^ad^A = -(d r V)A (36) 

and the Bianchi identities were: D^G a pv = Requiring duality invariance 
(i.e.D^G a pv = 0) gave the solution to A = A(r) as 

Aoo = A exp[-eJ^ dr ((e a6c (A,0) 6 c ) (dVG/ a w )" 1 )] (4) 

where A p is the value of A at r = p; a,u are fixed; and there is a sum 
over indices i, 6 and c. Aoo must be finite. Choose this to be the constant 
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unity. This may be realised in various ways, the simplest being (D v ((f))b 0, 
((f)) c =>■ finite, and the product (D v 4>)b( ( f>)c falls off faster than G a & for 
large r. Then a constant value for A was perfectly consistent with (3b) and the 
conditions became analogous to the Higgs' vacuum condition for the t'Hooft- 
Polyakov monopole solutions where the duality invariance of the equations of 
motion and Bianchi identities are attained at large r by demanding (D^(f)) a =>- 
and 4> a =>- a5 a 3 at large r. The results were perfectly consistent with the 
usual choice for the Higgs' potential V(<f>) even though nothing had been 
assumed regarding this. So the t'Hooft-Polyakov monopole solutions followed 
naturally in our formalism. We now discuss two other interesting possibilities. 

Case I 

(tabc(D v (f))b<t>c) => (5) 

(i.e. the duality condition (D^G ull ) a = 0) and falls off faster than G a j„ for 
large r (a and v are fixed). A solution is when 

D u (f) = a v (f) (6) 

where a v can be any Lorentz four vector field that is consistent with all the 
relevant equations of motion and the minimum energy requirements. The 
minimum energy requirements are satisfied because it is straightforward to 
verify that the gauge fields W£ do not change. This is seen by taking the cross 
product of ((p is a 5*0(3) vector) with equation (6). We again arrive at the 
well known results of Corrigan et al [7], viz. = (l/a 2 e)(f)Ad^(f)+(l/a)(f)A fM , 
where A 11 is arbitrary. 

As the gauge fields do not change, so even with this solution we obtain 
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the same gauge field solutions as before and so minimum energy requiremet 
is automatically satisfied. However, this new solution allows us to obtain an 
estimate of the vacuum expectation value of the Higgs field and to this we now 
proceed. Let a u = (0, ctj) = a(r)f, where f is the unit radial vector. So the 
Bogomolny condition is B\ = D l (j) a = a % $ a and the Higgs vacuum condition 
obtained from equation (36) (for r — >• oo, A is a constant , say unity) is 

[D\a4)]a = -d r V = (7a) 

i.e. we are at a minima of the potential V. If <p a ^ 0, (7a) implies 

div a + a 2 = (76) 

and the solution is 

a(r) = l/(cr 2 - r) , a 1 = r l /(cr 3 - r 2 ) (8) 

where we take the constant c to be negative. Let us now take the 't Hooft 
ansatz for the gauge field, viz. 

W° = -Wi = -e mk r k [l - K(aer)}/(er 2 ) (9) 

where the function K(aer) has been well studied [3] and goes to zero at 
r — > oo. Then the electric field vanishes while G a jk, B\ are 

G a jk = (l/er 2 )[2e ajk (l - K) + e akl r l d 3 K - e ajl r l d k K] 

+ (l/er 4 ) [2(1 - K) {e akl r l r j - e ajl r l r k ) + (1 - K) 2 (5 aj e ckl r c r l - e jkl r a r 1 )] (10a) 

B\ = (l/er 4 )[(l-ir)V a r l -2(l-^)rV a ]-(l/er 2 )[r^-o> m 9 m ir] (106) 

Now B\ = D % (p a = a*0 a .Therefore,taking c = —A so that A is positive we 
have 

0a = (1 , + ^ r) [2(1 - K)r a - (1 - K) 2 r a + r 2 d a K - r a r m d m K] (10c) 
[er ) 
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It is easily seen that (10c) reduces to the 't Hooft ansatz for a for A = and 
r — > oo. Thus we have obtained an expression for without assuming any 
ansatz. This had never been possible before. There is another interesting 
outcome. For r — > oo we have K — > and so 

Ar a r a A^ a f A 
(j> a ^ + — = -r a + >-r a 11 

er er 2 e er e 

for r — > oo. But <p a = a8 a ^ for r — > oo. Therefore a = A/e. Thus we have 
obtained the VEV of the Higgs field in terms of e. 

Case II 

a u is any Lorentz four vector field as in I but which may also carry internal 
symmetry indices other than SO (3) with the generators of the symmetry 
satisfying some Lie algebra [T P , Tq] = ifpQnT R . Let us take the group to be 
SU(2). i.e. say, a v = apT P ; P,Q,R = 1,2,3; T P being the generators of 
SU(2). Again choosing a v = (0, a P T p ) with a P = a P (r)f and using the well 
known properties of the Pauli matrices it is easily seen that the analogue of 
equation (76) is 

div a P = (12) 

which has the solution 

a P = A/- (13) 

where A P are constants. Writing r l P = A P r l = r 3 o;p, we can then define new 
coordinates 

K = r P T P ■ [R\ R j ] ^0 (14) 

and these are non-commuting. Moreover, they carry both Lorentz and in- 
ternal indices and hence are like gauge fields in some different theory. Note 
that transverse coordinates (i.e. transverse to the brane and lying in the 
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bulk volume) in D brane theories are often identified with gauge fields [8] 
and so we can construct such actions with our solutions (14). Under these 
circumstances, equation (6) should be written as 

d P <p a - ee abc {W*) p <f) c = a P <f) a 

where the coordinates and their differentials are now matrices and capital 
alphabets denote the indices of the new symmetry group. For fixed P, {W^) p 
may be identified with the old gauge fields W^. 

A point to note is that we have taken the symmetry group for a v to 
be some group other than 50(3). This is to ensure in the simplest pos- 
sible way that the fields (W^) p for fixed P may be identified with the old 
(i.e. unchanged) gauge fields (P is now a fixed index) and so the mini- 
mum energy requirements are satisfied in each sector of P = 1,2,3. (This 
is seen by taking the cross product of <fi with the analogue of equation (6) 
and proceeding as before). So each sector now contains a monopole. Then we 
have a configuration that is quite similar to "string" of monopole solutions 
connecting two D-branes. Such configurations are known in the literature 
[8]. The other point is that the vacuum expectation value of the Higgs field 
is proportional to the inverse of the coupling e; and this result has been ob- 
tained from the classical solutions. This result is similar to that obtained 
in Ref. [2b] if we are ready to identify the inverse of Newton's gravitational 
constant (which is definitely the coupling constant in theories of gravity) as 
the vacuum expectation value of some field hitherto unknown. 

The solutions in equation (6) were hidden in 't Hooft-Polyakov's work. 
This had been overlooked before for the simple reason because at that point 
of time one was more concerned in obtaining solutions from the minimum 
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(finite ) energy principles. This was perfectly justified. We have obtained the 
solutions from the requirement of duality invariance which is quite relevant at 
this point of time. However, we have also shown that the duality requirements 
automatically contain the minimum energy condition (A is also finite for 
D u <p = 0). All the results have been obtained at r — >■ oo. That is, we 
are at the boundary of the theory. So the finiteness of A at the boundary 
encodes the duality invariance of the theory within the boundary and thus 
an analogue of the holographic principle [9] seems to be at work. On the 
boundary there seems to exist a different gauge field theory together with 
non-commuting coordinates. 

2. Dyon charge quantisation in abelian p-form theories 

In [1] the formalism of spacetime dependent lagrangians was used to ob- 
tain the Dirac quantisation condition. Here we shall follow the same method 
to obtain the results of Deser,Gomberoff,Henneaux and Teitelboim [10] re- 
garding dyon charge quantisation in abelian , p— form theories. Our results 
will be obtained from a simple generalisation of the lagrangian constructed 
in [1] and a generalisation of the interaction terms using the completely an- 



In[l] we considered a U(l) <g> U(l) gauge invariant theory.A^ and 
were four-vector potentials corresponding to electric (e) and magnetic (g) 
charges; F^ v , G^ u were the respective field strengths; j^, were the electric 
and magnetic (current) sources with interactions between respective currents 
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symmetric tensor 
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and potentials introduced in the usual way 



L x = -(1/4)F^„ - {l/^G^-fA, - WBp (15a) 

with Fv = d»A v -d v Av ; G» v = d»B u -d u B» ; & v = (l/2)e^ a G pa ; d^j„ = 
d^k^ = (current conservation) ; d^A^ = d^B^ = (transversality) ; d^F^ = 
j v ; d^F^ = ; d^G^ = k v ; d^G^ = 0. Defining (note that F — —F and 
G = -G) 

^HV _ pjiv _|_ Qjxv . — pV-v _ Qfiv (156) 

means d^^ u = j v ; d 1 *^ = —k u . A complex interaction term if '(A)a A^B pj j y k u 
was introduced where /(A) was a dimensionless function of A, and the space- 
time dependent lagrangian was written as 

L = [-{l/A)F^F, u - {\/A)G^G, v -fA, - WA, + if{\)aA»B,fK]\{x) 

(15c) 

Equations of motion using (1) were set up, duality invariance imposed and 
the solution for A obtained for appropriate sources j M , k^. Finiteness of A at 
r — >■ oo led to the Dirac quantisation condition. The U(l) <g> U(l) invariance 
of the original theory was broken. 

We now use the above procedure to obtain the dyon charge quantisation 
condition for abelian p-form theories. First consider dimension D = 4. Then 
p — 1. There are now two objects, each of which carries both electric (e) 
and magnetic (g) charges. Accordingly, there will be two F 's, two G 's two 
A 's, two B 's and two j 's and two k 's. Let the index a = 1, 2 denote this. 
We next choose the interaction term as if(A)e bc aA£B a ^j^k c v . Then the 
generalisation of the lagrangian (15a) becomes 

L = [-(l/A)FrF a , v - (l/4)Gf G a , u - f a A a „ - k£B a „ 
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+i /(A) a e bc A% B a , f b k c v ] A(x) (16) 

As before ^ = F% v + G% v ; = F% v - G^ . Equations of motion that 
follow from (1) are (for each a = 1,2): 

Hd^a fiv) + Wk)F a ^ - A(j a „ + ic a „)] = (17a) 

Hd^L ixv) - WK)G a , u - A{k a „ + id a „)] = (176) 

where c a „ = f(A)ae bc jgk clx B a „ ;d a „ = f(A)ae bc jgk cll A a „. Duality in- 
variance means d^£ a ^ = and <9^£ a ^ = 0. This therefore implies 

{d»A)F a ^ - A(j a „ + ic a „) = (18a) 

{d tx A)G a ^ - A(k a v + id a u) = (186) 

To solve the above for specific sources we take j% — e a J dx u 5 4 (x) ; k v a = 
g a J dx u 5(x 3 — b)8 3 (x). Now assume A = A(x 3 ) and that only the v — 
component of the sources are present so that j\ = ei5(xi)S(x 2 )S(x 3 ) ; k® = 
g a S(xi)5(x 2 )5(x 3 ) and 32 = e 2 6(x 1 )5(x 2 )5(x 3 - b ) ;k% = g 2 6(x 1 )5(x 2 )5(x 3 - b ). 
Then we get for v — 0, 1, 2 

(<9 3 A)F a 3 „ = A0'a , + ^c a „) (18a) 

(<9 3 A)G a 3v = A(k a v + id a „) (186) 

For v = 3, F a 33 = G a 33 = for all a, and the solutions to (18a) and (186) 
for v — are: 

Aoo = A_ooea;j9[e a 5(a;i)5(a;2)/F a 30(^0,^1,^2,0)] 

exp[if(A)ae bc e b g c P a (x , x ly x 2 , 6)] 
= A_ oc ea;p[e a 5(a; 1 )5(a;2)/i 71 a 30(^0,^1,^2, 0)] 
10 



exp[if(A)a(eig 2 - e 2 gi)P a o(x , xi,x 2 , 6)] 



(19a) 



A, 



oo 



A^ 00 exp[g a 8(x 1 )S(x 2 ) /G a 30 (x , x x ,x 2 , 0)] 



exp[if(A)ae bc e b g c Q a (x , xi,x 2 , 6)] 



A^ (X) exp\e a 5(x 1 )5(x 2 )/G a 3 q(x q , x x , x 2 , 0)] 



exp[if(A)a(eig 2 - e 2 gi)Q a (x , x x ,x 2 , b)} 



(196) 



P a o(x ,x 1 ,x 2 ,b) = (5(x 1 )) 2 )(5(x 2 )) 2 5(b)B a0 (x , x x , x 2 ,b) / F a 3o(x ,x 1 ,x 2 ,b) 

(20a) 

Qa o{x Q ,x 1 ,X2,b) = (6(x 1 )) 2 )(5(x 2 )) 2 5(b)A a0 (x ,x 1 ,x 2 ,b)/G a 30 (x ,x 1 ,x 2 ,b) 

(206) 



Proceeding as in ref.[l], choose Aoo = A_oo = 1 and consider the set of equa- 
tions (8a) and (9a). The two exponentials must reduce to unity. For the first 
exponential this implies the Dirac string configuration where F a 30 — >• 00, 
and so the exponential becomes unity. For the second exponential, the nu- 
merator in (9a) has singular (^-functions and together with B a 30 — >■ 00 since 
F a 30 - ► 00. So second exponential is unity if exp[if (A)a(eig 2 — e 2 gi)P a 0] = 
l,i-e. exp[if(A)a(e 1 g 2 — e 2 gi)] Pa = 1 (as P a is finite). Therefore 



All the above results are true in each sector, viz., a = 1,2. As in ref. [1], 
there are two possibilities: (a)/(A) = 0. Then the U(l) U(l) invariance in 
each sector of L is unbroken and we have the Dirac string configuration from 
the first exponential F a 30 — > 00. (b)/(A) = a finite constant. Then the 
U(l) ® U(l) invariance in each sector of L is broken and putting a = (h)' 1 , 
we get the Dirac quantisation condition for dyons. For v — 1,2 a similar 
analysis will again lead to (10) and similarly for the set of equations 8(6) 



f(A)a(e 1 g 2 - e 2 gi) = 2nn 



(10) 
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and (9b) . Note that we have taken the same function A in each sector of the 
theory. This is justifiable from the fact that finally we proceed to the case of 
A becoming unity in each sector. 

Now consider dimension D = 6. This means p — 2. So we have 2- form po- 
tentials A% v ; B£ v . Then each of the antisymmetric field strengths F, G will 
be a 3-form in the Lorentz indices and we have the following constructions: 

3 - form field stengths : F^ a = d»A u a a - d u + d a A^ 

a r a ~i~ *-* a i Sa r a *-* a 

2— form antisymmetric potentials A^ u ; B% v [antisymmmetric w.r.t. //, v) 

Dual : Pr = (l/3!)e^^F a afS , ; = (l/3!)e^^G a aPl 

2- form currents : = e a J dx» Adx u 5 6 (x) ; k% v = g a J dx» /\dx u 5\x) 

Now assume that the only non-zero currents are j®" and A = A(x 5 ) and 
take the lagrangian as 

L = \-{l/\2)F^F a , v - {\j\2)G^G a , v - {l/A)f a A a „ - (l/4)A£S a „ 

+i /(A) a p bc Al B a „ f b k c „] A(x) (11) 

where the matrix p a t = q ^ • ^ is then straigtforward to obtain the dyon 
quantisation condition by proceeding exactly as before and the result is 

eig2 + e 2 gi = 2nnh (12) 
Thus the quantisation condition depends on whether p is odd or even. 
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In fact, the above procedure can be generalised to arbitrary p-form fields 
by constructing appropriate field strengths F, G and choosing the lagrangian 

as 

L = [-(l/2)(l/(p+ l)!)F^"^F a ,,., p+1 - (l/2)(l/(p+ l)l)G?G a , v 

-(l/2)(l/p\)C-^A a ^ p -(l/2)(l/p\)k^B a ^ p 
+t /(A) a fi fcc ^-Mp B a jf^ A; c A(x) (13) 

where the matrix 

n ab = (l/2)[(l + (-iy +1 )e ab + (l + (-l)> ab ] (14) 

Currents will be defined as 

fti-i* = 6a J dx m A daf 2 .... A daf* (15a) 

fcw-^ = / da^ 1 A aV 12 .... A drc"* (156) 

Assuming as before that the only non vanishing currents are j^ 1 --^- 1 anc i 
k 0m~i+-i and A = A ( x .) ;Where 

i is some spatial coordinate, one can solve the 
relevant equations to get the dyon quantisation condition again. Depending 
on whether p is odd or even we will have 

e 1 g 2 + (-l) p e 2 g 1 = 2Tmh (16) 

We mention that for odd p we will have anti-selfdual field strengths, while 
for even p we will have selfdual field strengths. 

In conclusion, the spacetime dependent lagrangian formalism in conjunc- 
tion with the 't Hooft-Polyakov results have yielded an expression for the 
vacuum expectation value of the Higgs field as A/e. This result is definitely 
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susceptible to experiments. We have also shown that the 't Hooft ansatz for 
the gauge field is sufficient to obtain an expression for the Higgs field if one 
uses our formalism. No additional ansatz for is necessary. The expres- 
sion obtained reduces to the 't Hooft ansatz for the Higgs field at r — > oo. 
Finally, we have shown that classical solutions of Yang-Mills theory also con- 
tain the germ of non-commuting coordinates residing on the boundary. The 
structure of these coordinates are like gauge fields and hence are relevant in 
constructing D-brane actions. 

In conclusion, we have shown that the spacetime dependent lagrangian 
formulation of electromagnetic duality can also accommodate the results of 
[3]. The dependence of the quantisation condition on p [3,4] is also accom- 
modated. In our scheme this has to do with the fact that coupling in the 
interaction lagrangian depends on p through the matrix f2 a 5. The impor- 
tance of the dyon charge quantisation in the theory of D-branes have been 
exhaustibly studied in [3]. So we do not elaborate on this. However, our 
formalism provides an alternate interaction lagrangian picture of the same. 

The holographic principle [5] is again illustrated the finite behaviour of A 

on the boundary gives rise to the exotic solutions within the bulk volume. 
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